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TNfBODUCTION

Lel X, G and f/ be finite, undirected #aphs without loops or multiple
edges. write I --> (G, H) ro mean that if the edges of I are colored with
two colors, say red and blue, then either the red subgraph of I contains
a copy of G or the blue subgraph contains a copy of ,H. The olass of all
graphs ,F such lhat I -, (G, fl) win be denoted by fr(G' H). A classical
theorem of X'. P. Ramsey guarantees that' @(G, -B) is non-empty'
The class g(G,II) has been studied extensively, particularly various
minimal elements of the class. The genera'l,i,zed, Ram,sey number r(G, H),
which is the minimum number of vertices of a graph in fr(G,-tl), has
received the most attention. Surveys of recent results can be found in

[f] and f?]. The size Ramsey number i(G, H), which is the minimum number
of edges of a graph in 4(G,f1), was introduced in [4]. In the first section
of this paper the size Ramsey number i(mKv,p,nKt,i will be calculated,
where s-K1,1 denotes s disjoint copies of the star .Kt,r. Moreover all graphs
tr w'ith i(mK1,7r, nKr,t) edges for which ? --> (mK1,p, nKt,r,) wiII be determined. In the second section the following question wili be considered.
If 7r + (mG, nH), how many disjoint copies of G (or l/) must -F contain?
In general, upper and lower bounds on the number of copies of G will tre
given, and in some special cases, exact results wiil be obtained'
Notation not specifi.cally mentioned will follow that of Harary [6]. x'or
a graph G, V(G) is the vertex set and E(G) is the edge set. The degree
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of a vertex a of G will ne 'w'ritten d,6(u). The maximum degree of a vertex
of G will be denoted hy A(G) and the minimum degree by d(G). The
notation for the inclependence number and the line independence number
will be B6(G) and ,6r(G) respeotively. The graph consisting of n disjoint
copies of G will be written nG.'Ilne graph #-o is the graph obtained from
G by deieting a vertex a of G. Also as usual, [ ] is the greatest integer
function and lSl is the cardinality of the set S.
SIZE RAMSEY NUMBNN,S I'OR, STABS

it is easily seen that Kr,rc+t-1
(Kt,z, KL,z). IL follows immediately that

tr'or positive integers lc and"l,

and Ks

+

(m + n

and

-

L)

--> (K1,p, K1,7)

Kr,*4-t -> (mK1 3, nKr,i

tKsv (m+n-t-l)Kr,a -> (mKt,z, nKt,z)
for positive integers m arLd n auLd' for 1<6<ra+n-1. This
fi (mK1,y, nKui < (m + n - r)(& + I - r),

implies

which is one of two inequalities needed to prove the following theorem.
TnEoREM

l:

X'or positive integers

i(mK1p, nKyil

:

(m -f n

-

k,

l, m *nd n,

lxe + I-

1).

If G--> (mKr,r,nKt,i aad has (n+m-l)(k+1,- I) edges, then
G:(m+n-tr)Kr,*+t'1or k:l:2 and G:t-Ka v (m+n-t- l)(r,a for some

Moreover

L<t<nx+n-1.
If the theorem is not true, then for some

k and I there erists a counter(no proper subgraph is a
counterexample
example, and hence a minimal
all
sueh minimal cog:rtercounterexample). Let c*,t, denote the class of
examples. If G is in Cp,1 then there exist positive integers m arrd z such

that

L) G --> (mKtft, nKr,t)

2) lE(G)l 4(m + n - IX/r+, - 1)
3) G + (rn, * n - l) Kt,r+t-t and G * t Ks u
aley

t, l4t4man-1.

(m,

-f n

- t- f )(r,a

for k :

I

:

2 arrd

The minirnality of G implies that no proper subgraph H of G satisfies
1), 2) and 3) for any m andn. Of course any graph G in Cx,t has parameters
w, and.n, associatectr with it. If such graphs are denoted by C1r,/m,n),
then C7r,1 is the union of the classes Cp1(m,n).
To prove Theorem 1, it is sufficient to prove that Cv,1:$ for all k andl''
The purpose of the next two lemmas is to describe properties of Cr,z
which will lead to showing it is empty. Ior conaeni,ence ,it wi,l,l, be assurneil
throughout lhe remai'nd,er ol thi,s sect'i,on that h>1.
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LEr,tlrA 2: If Ge Crt, Lher"
i) l,A(G)l>k+l- I and
ri) /(G)<h+l-2.

pn,oox':

i) Assume lE(G)l<k+1,-1. Then certainly G'>(K1ss,K1,),
G+Kt,w;-t, and G+Kt if k:1,:2. If lE(G)l<tu+/-2, the edges of G
can be colored such that there exist no more tll:'an lc- I red. edges and
l-l blue edges. If E(G):k+l-I, then the coloring of any l-l edges
of G blue must leave the remaining edges forming a KLt'. This cannot
if G has two edges which are not incident. A11 pairs of edges of G
being incident implies lhat G:Kt,n+*t ot G:Ks. This contradiction
completes the proof.
ii) Let G be a graph in C7r1(m,n) and assume o is a vertex of G of
d.egree at least k+1,- 1. It will be shown that this leads to a contradiction.
Either m>2 or n22 by the first part of this lemma. The case m>-2 will
be considered. A symmetric argument for n>-2 can be given.
If. G-u *- ((m-L)Kt,r,nKt,i, then the edges of G-u can be colored
such that there exists no red (m-1)K13 and no blue nK1,1. This ccloring
can be extended. Lo G by colorirg red the edges incident to z. In this
coloring G contains no red rruKt,r or blue nKt,t,, a contradiction. Therefore
G
- a -> ((m - L)K1,7, nKt1).
The minimality of G implies lhat' G-a:(m*n-2)Kr,*+1-r or that
k--l:2 and G-a:tKsu (nx+'n-t-2)(1,3. Since
occur

lr(G)l < (m + n *

L)(k + t - L),

the vertex z has degree precisely k+l_ l' This is of course true not for
just a fixed vertex but for each vertex a of G of degree at, Ieast k+l-t.
Using the fact that u is an arbitrary vertex of degree at least lt+1,-1,
it is easily checked that this implies that G:Kz,k+t-L ot lt:1,:2 a:nd
G:Ks. Since 1{2,1at-t /- (2Kt,n, K1,7) and Kq /-. (2Kt,z, K1,2), this gives
a contradiction.
The following lemma will be needed to describe some colorings of
graphs used in t'he proof of Theorem l.

lnmlra 3: If
of

G is an element of Crs(rn, rz), then there exists a, sequence
vertices't)1,'u2, ...t an+m r of G such that d*u-r(ru);rlc whare Go:G and

Ga:G-ar-u2... -ut.
pRoox': Select ar to be a vertex of maximal degree in G and inductively
select oi to be a vertex of maximal degree in G-at-1)2... -ut-r:Grt.

If

the vertices D\, 'uz, . ..t un+m r do not satisfy the conclusion of the lemma,
lben A(Gr)<lc for some r<zl+ m-2. Assume such an r exists. Color the
edges of G incident, to u, blue for each i<n* 1. Color the remaining edges
of G red. Clearly G contains no blue nKt,t,.Also G contains no red mKr,r
since /(Gy)<fu and every red Xr,r must contain a vertex of the set
189

po,,...,24] (which might be empty). This contradiction completes the
proof.

Let G be an element of C76,7(m, z). Two colorings of the edges of G will
be d.escribed. Both colorings wiII be used to give lower bounds on the
number of edges in G.
dr-COLORING

of G, and let n be the degree
Denote
G-at-az-...-y)n-r
by E. Color the
of oa in G-at-...-art
edges incident to arr! e blue. Let er(€z{... be an arbitrary ordering
of the edgos of H ald color them sequentially using the following rule.
An edge ea is colored blue unless it is incident to a vettex that has I- I
edges of IJ incident to it that have already been colored blue. Then it
is colored red.
In the a-coloring of G, every blue ,i(r,l must contain one of the vertices
'uL,'t)2, ..., oa-r. Thus G contains no blue nKrJ. Therefore G, and hence .E,
must contain a red m,Kr,r. Each edge of a red Kr,x was colored red because
one of its endvertices was incident to ,- I blue edges. Since /(.8) q k+l' -2,
the center of a red Kt,r ea;rl- be incident to no more than l-2 blue edges.
Thus every vertex of a red.K1; except the center is incident tn l,-l
blue edges in .8. Therefore the sum of the degrees rn E of vertices of a
red K1,76 is at least k+kl. This impliee that G has at least
Select arbitrary vertices 'uy,'t)2,...,a7.-r

n-L

2

ru+*(h+kl,)12

edges.

p aorou,^j
This coloring is the same as the a-coloring except the roles of red and
blue, k and l, arrd m and n are interchanged. The B-coloring implies that
G has at least
!fr- |

2

ru

n:t

+

n(1,

+l,k) 12 edges.

1: To prove the theorem it is sufficient to show
ltral Cp1: $ for all positive integers lc>l. ThiB w,ill be done by an analysis
of various cases of ft and 1,. Leh G be an element of Cpg(m, rz) for some
pRoox' ox' rHEonEM

m

arrd n.

Leyrrrr,a 2

124, or

l:3

A(G)>-k. This contradiction proves that

Crt:$.

and, lc>5

Since G is in Cx,ilnr, n), lE(G)l<(m+n-L)(k+l- r). The a-coloring in
conjunction with Lenama 3 gives the following inequality
(a) (n - L)lc + m(k + kt) 12 <(m + n - 1)(/c+I- t).

r90

Likewise the B-coloring and Lemma 3 imply
(b) (m -r)k +n(l+lk)lz a(m +n -1)(k+l- 1).
These two ineEralities can be rewritten in the following useful forms

(a') rn(k-2)az(n-L)
(b') n(l - z)(k -t) <2(m - t)(r- 1)
It is straightforward to check that both inequalities (a') and (b') are
never satisfied when k>l>4 or when l-3 and lc>5. I:r'. fact (a') implies
m<n while (b') implies nl>n. This contradiction completes the proof
of this

case.

l:3, k:4
in Lemnoa 3. Lemma 3 guarantees
'i,
that d,si-1(ru)rA for all b:uL in this case it can be assumed that
det-r(uil>5 for all z. To see this is true, assume /(Gr)<4 for some
r<n+??L-2. Color the edges red which are incident Lo u1,u2,...,a1 where
l: ma,x Pn-L, r), and f m<r color the remaining edges incident, to
I)rn,...,a, laLue. The graph G, car:r be embedded in a 4-regular graph.E/.
By Petersen's Theorem [8], the graph -Ey' is 2-factorable with say factors
Ht and Hz. Color the edges of H1 A Gy rcd and tb,e edges of H2 n Grl:irte.
The coloring just described implies G /- (mKr4, nKr,z); this contradiction implies tlnat /(Gy)25.
In this case the a-coloring and the B-coloring give the following inSelect vertices

1)1,

uz, ...,'um+n-r as

equalities.
5(n
S(tn,

- l) + < 6(m + n - l)
- I) a t\n 2 a 6(m -t n 87,?,

|

L).

Just as in the previous case, both inequalities carurot be satisfied simultaneously. This contradiction completes the proof of this case.

t:k:3
Lemma 2 implies LhaL A(G) < 4. By Petersen's Theorem l8l the graph
G is the edge-disjoint union of two subgraphs each with no vertex of
degree rnore than 2. Thus the edges of G can be colored such that no
vertex is incident to more than two red edges or two blue edges. This
implies Ca,a:$.
I

_.)

<k.It can be shown that d(G) >2. To show this,
the contrary. Then there exists a vertex o of degree l. Let w
be the vertex of G adjacewt, to a in G. Thus u, has degree at, most k-l
in G-u. The minimality of G implies that the edges of G-u can he
colored such that there exists no red mKtt and no blue rKr,z. This
coloring can be extended bo Gby coloring the edge azu. Since eo has degree
at most lc-l in G*u, the edge uw can be colored such that, it is not in
Lemma 2 implies A(G)

suppose
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r
a red Kt,n or

blue K1,2. This implies G l--->(nxKL,*,%Kr,z), a contradiction. Ilence A@)22.
Select vertices uL,'t)z,...,'um.tn-L as in the proof of f,smma 3. Each oa
is of degree at least lc in Gt. Since /(G)</r, the set /: {at...,o74a4-1} is
an ind.ependent set of vertices each of degree k in G. Consider the bipartite
graph B with parts I and 7(G)\"I, where the edges of B a,re the edges
of G between 1 and I/(C)\/. Each vertex of t has degree & in B. Since
A(G)<k, k is also an upper bound on the degree in B of vertices in f(G)V.
Therefore a theorem of Philip Hall [5] implies that there exists a matching
M of B using all of the vertices of 1. For each d, l<d<za*m-l,let w1
be the vertex matched vrfit, aa. I-et W:{uu*2,.-.,wn+a-r}.
Select vertices lLL, 'tlz, ..., u1 irt I/(G)\(I u If) such that the sum of their
degrees is as large as possible and f is a.s la.rge as poesible but still no
more than z-I. Color blue the edges of the matching M and all edges
incident to any u,1. CoLor the remaining edges of G red. Since fqz-l,
G does not contain a blue nKt,z. Thus G contains a red mK1,y. Let'
lln,un+!,...t,t[mtn-L be the centers of the m red graphs K1,6. This set, of
centers is disjoint from I, W and, {z,r,ur,..-,ut}, a,nd each center has
degree k in G. Hence t:n- I and deFd:h for all i,, L4'i,4man-1.
Let U: {ut, uz, ..., um+7-r}.
By assumption, l.E(G)l <(*+ r)(rn+r- r). Since 6(G122,
a,

> @(Vl + lu l) + zlwl) 12 : (b + r)(m + z - 1).
Therefore there must be equality: Y(G):I U If U U, il,s(w):2 for all w
in W, atd. d,e(z):k tor all z in a v I.
If lc>3, then a vertex a of I is adjacent to a vertex u of U. The vertex
z could have been chosen in the matching .ilf. This would impiy that
d,e(u)--2, which contradicts the fa,ct that ds(t ):3. Therefore lc:Z and
G is a 2-regular graph with 3(nc*z-l) vertices. If the edges of a cycle
are colored red and blue alternately, the cycle will contain at most one
monochromatic Kr,z. Since G --> (mKy,2,rz'Kt.z), G must contain at, least
rn+,rl- 1 cycles. Ilence G:(m+n-l)Ks, a contrzdictionta G e Cz,z. This
contradiction completes the proof of this case and of the theorem.
lE (G)l

MULTIPLE CO?IES

-+ (mG, nH), how many disjoint copies of G (or .E) must, X contain ?
Clearly .E' must, contain at least, zz diejoint copies of G. If .F' is a complete
graph then -E' contains llv (X )l I lV (G)11 > lr (mG, nE) | lV (C)ll disjoint copies
of G. It is plausible that every / such t'hat' X --> (mG, z/1) contains at
least lr(mG,nH)llv(G)ll disjoint copies of G. In some specific cases this
will be shown to be true. A smaller general lower bound will be proved.
The magnitude of r(mG, nH) is given by the following result which
can be found in [2].

If

,E

4: (Burr-Erdiis-Spencer). lt lv(G)l:k, ll/(H)l:1,, Bo(G):i,
:j, Nhen for some constant, c,

TlrEon,EM

and Bs(A)
t92

* ln - rin (mi,, ni) - I 4 r (m(1, nH) < ltm * ln - rrlin (mi,, nj) + c,
where c depends only on G and, H.
It will be established that if X+ (mG,nH) and f is the left, hand side
of the inequality in Theorem 4, then either 7 contains at least f/k disjoint
copies of G or at least f/l disjoint copies of H.In fact the following stronger
statement, will be proved.
km

5: If

rrrEoREM
t

:

.tr'

+

(mG,

l(m\v (G)l + lY (H)l

H),

-

t'he:rr tG

1o(H)

-

C1 where

r) I lv

(G)ll.

:enoox': Assume to the contrary l}rat X -->(mG,H) ltut' tG $ F.
Without, Ioss of generality one c&n assume (t - L)G C L Let Gr, Gz, ..., Grt
be a set of disjoint copies of G in I . Let,S be the set of vertices contained
in G*, ..., Gr-r. ft is pcssible that B is empty.
Color all of the edges of 7 incident with vertices of ,S blue and eolor
all of the other edges red. In this coloring there exists no red mG and no
blue 11. There is no red mG, since this would be disjoint, from the blue
(t-m)G and would impiy tG C P. On the other hand, assume that there
is a blue l/. Such an.H must have at least V(H)-fr0@) ver-tices in S
since any collection of its vertices outside of B must be independent.
Ilence lY(G)l(t-m): lSl > lV(H)l - \o(H). This inequality yields
t >-

Since

(lV (H)l

-

0 o@)

+ rnlv (G)) I lV (G)1.

f is an integer,
t

> l(mlv (G)l + lV (H)1 - fi o(H) + I I/(G)

I

-

I )/l I/(G) ll

: t * r,

a contradiction. This completes the proof.
There aro several corollaries that foliow immediately from this theorem.

I

conor,r,anv 6: Let
-> (mG, nH), then

(a)
(b)

sGe

lv(G)l:k, V(E):I, \o(G):'i and Po(H):i.

X where s:l(mlc+nl-nj- I)ikl

Tf

and

tH I where t:l(mk+nl-mi,-r)lll.
conorr,ann 7: If lIl(G)l :k, Ao(G):a and if nt,2n,

implies that

C

I

then 7 --> (mG, nG)
contains at least, l(mk+nlc-ni-L)lk1 copies of G.

Note that in the notation of Corollary 6,
r(mG, nH)

:

km''. ln - mirl (mi,, ni)

-

if

L

and I-->(mG,nH), then either -F' contains a lr(mG,nH)lklG or a
lr(mG, nH)lllH In [3] it was proved Lhat' r(mK2,nKz):2m*n- l. These
two facts give the following.
coRor,r,aRrr 8: If .t, -+ (mKr,nK2) and w2%, then the line independence number B1@)2r(mK2,nK2)12 and this bound is the best possible.
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The following is very similar to Corollary
argument in one ease.

8

but does require an additional

conor,r,anv 9: Tf I -> (mKa,nKv), then the number of independent
triangles in -F is at least V(mKa,nKs)13] and this bound is the best
possible.

pnoox': The complete graph on r(mKs, nKs) vertices implies that the
bonnd given is the best possible. One can show direetly that if-[' --> (Ks, Ks),
then -F must have at least two independent triangles. So a'sawtue ,n>n
and m>2. Tn l2l it is shown that r(mKs,nKz):3m*2n. Henc'e the

corollary follows from Coroll ary 7 rf l(3m + 2n - L) I 3l : l(3m + znl l3]. Thrs
only the case when l(3m+2n-l)l3l<l(3m+2n)181, or equivalently, when
n is a rnultiple of 3 remains to be considered.
Let n:37 and assume -E has at most l(3m+2n)l3l-L:m+?,1-L
independent triangles. It will be shown that this leads to a contradiction.
Let {G1, G2,...,G21}be 2tr disjoint triangles in -F. Color the edges of each
Ge blue as well as those edges with precisely one endvertex in a @,
1 < d < 27. Also color blue the edges between a G,i and a G7 if I < i, i < 2I- l.
Color the remaining edges red. In this coloring of I any blue triangle
must contain at least two vertices from the vertices of the Gr, l<i<zr.
Also the vertices of Gn are contained in only one blue triangle, namely
Gzz. Therefore there exists at most [(6I-I)/2]:31-l independent blue
triangles. Any red triangle cannot use a vertex of any G,t, I <i, <2L Eence
if .F contains a red mKa, there would elnsl m*21independent t'riangles
in -F. This implies F 7-- (mKa,nKs), a contradiction.
QUESrIONS

There are two questions left unanswered in this paper. The first involves
Theorem I and whether this result can be extended to arbitrary star
forests. This leads to the following conjecture:

If

rt

7r: U K1,n6 with %t2n2... >rh
d:1
and
t

Xz: U

K1,y16

witb lmt2rnz... *tu6

XJ_:rl* where l*: max fu+"U-L: i+ j:kj.
If ry:n for all i and" m4:7v for allj, then the conjectured value f*!!r1,6
agrees with the number fr(sK1,n,tKt,*) proved in section l. The major
question left, open in section 2 of this paper is the following:
If -E -+ (nG,nG), must -F contain Lr(nG,nC)llV(G)l) copies of G?
then
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